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Nonlinear mixed model

yij = f (φi , tij) + g(φi , tij)εij
εij ∼ N (0, σ2)
φi ∼ N (Xiµ,Ω)

- yij observation of subject i at time tij
- φi individual random parameter of subject i
- εij measurement error at time tij
- Homoscedastic or heteroscedastic error model
- Xi covariate

• Estimation of parameters µ,Ω, σ2 by maximum likelihood
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Estimation algorithms

Linearization algorithm (FO, FOCE)
• Sheiner, Rosenberg, Melmon, 1972; Lindstrom and Bates, 1990
• NONMEM, nlme in R

• Numerical limits

Gaussian quadrature
• Pinheiro and Bates, 1995; Wolfinger, 1996
• proc NLMIXED in SAS

• Slow convergence

Expectation-Maximisation (EM) algorithms
• MC-EM, Leary, 2004

• MC-PEM, Guzy, 2006

• SAEM, Delyon, Lavielle, Moulines, Ann. Stat., 1999; Kuhn and
Lavielle, Comput. Stat. Data An., 2005

Statistical convergence
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HIV-cells dynamics
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HIV-cells dynamics modeling

Evaluation from repeated measurements of viral load/ CD4+

• Nonlinear mixed effect models

Difficulties
• Limit of quantification for viral load data
• Differential system describing simultaneously viral

load/CD4+ dynamics
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Objectives

1 Extension of SAEM for the analysis of left-censored data
2 Extension of SAEM for models defined by ordinary or

stochastic differential equations
3 Modeling with SAEM the viral dynamics of the Cophar

2-ANRS 111 clinical trial
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1 Left-censored viral load data
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Viral load not quantified below a limit of quantification (LOQ)

• Omission of all data below LOQ
• Imputation to LOQ/2
• Computation of likelihood conditional on censoring (Beal,

2001)

• Multiple imputation (Hughes, 1999; Jacqmin-Gadda et al., 2000)
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Methods

Extension of the SAEM algorithm
• Gibbs algorithm to perform multiple imputation of the

censored data in the simulation step
• Convergence of estimates to a maximum of the likelihood

proved

Evaluation on simulated datasets of left-censored viral load data
• Comparison with naive methods

Application to the Trianon-ANRS 81 trial
• Comparison of treatments

Samson, Lavielle, Mentré. Extension of the SAEM algorithm to
left-censored data in non-linear mixed-effects model: application to HIV
dynamics model. Comput. Stat. Data Anal., to appear
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Evaluation on simulated data
Ding and Wu, 2001
Biexponential model of HIV viral load decrease

f (φ, t) = log10(P1e−λ1 t + P2e−λ2 t)

• φ = (ln P1, lnλ1, ln P2, lnλ2)

• 6 measurements: 1, 3, 7, 14, 28 and 56 days
• N = 40 subjects
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• Simulation of 1000 datasets
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Analysis of left-censored data
(a) (b)
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(a) Before censoring: analysis with SAEM

(b) Censoring of data below LOQ = 400 cp/mL
Statistical methods to compare
• Naive method: omission of data below LOQ
• Simple imputation: first data below LOQ imputed to

LOQ/2, omission of the followings
• Extension of SAEM with the left-censored dataset

Samson, PAGE, June 16 2006 10 / 20



Introduction

Objectives

Left-censored
data

Differential
equations

Viral
dynamics
estimation

Conclusion

Results

Parameters Bias (%)
before censored data

censoring Naive Simple SAEM
method imputation

ln P2 0.1 2.6 10.7 0.2
ln λ2 0.1 10.5 22.9 0.6

Var (ln P2) 2.2 12.7 24.8 6.2
Var (ln λ2) 0.9 47.1 98.3 6.6

σ2 0.5 10.3 440.8 0.6

RMSE (%)

ln P2 1.3 3.2 10.9 1.6
ln λ2 3.1 11.4 23.4 3.9

Var (ln P2) 26.6 37.1 58.3 37.7
Var (ln λ2) 25.7 56.0 113.5 36.8

σ2 16.3 26.2 453.2 19.3
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Analysis of Trianon-ANRS 81 trial

Trianon trial
• 144 patients infected by HIV-1 followed during 72 weeks
• Randomized treatments

- 3TC: lamivudine + stavudine + indinavir
- NVP: nevirapine + stavudine + indinavir

• LOQ: 20 cp/mL
Initial statistical analysis

Launay et al., 2002

• Percentage of patients under LOQ
• Treatment 3TC more efficient than treatment NVP

Objective
• Analysis of the viral load decrease with SAEM
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• Naive methods: no significant treatment effect
• SAEM: significant treatment effect on the second slope of

the decrease (p < 0.01 for Wald and likelihood ratio tests)
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2 Model with ordinary differential equations

Ordinary differential equations (ODE) describing dynamics of
viral load decrease and CD4+ increase

Extension of the SAEM algorithm for ODE

• Numerical approximation of ODE
- Runge-Kutta
- Local linearisation schemes

• Adapted to stiff differential equations
• Save computational time when included in MCMC

algorithm

• Convergence of estimates to a maximum of the likelihood
proved

• Boundary of the error induced by the numerical
approximation

Donnet, Samson. Estimation of parameters in incomplete data models
defined by dynamical systems. J. Stat. Plan. Infer., to appear
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Model with stochastic differential equations
Stochastic differential equations (SDE) taking into account for

- Correlated residual errors due to model misspecification
- Random physiological fluctuations

Extension of the SAEM algorithm for SDE

• Approximation of the diffusion process by Euler-Maruyama
• Gibbs algorithm to simulate the diffusion process
• Convergence of estimates to a maximum of the likelihood

proved
• Boundary of the error induced by the Euler-Maruyama

approximation

Donnet, Samson. Parametric inference for diffusion processes from
discrete-time and noisy observations. Proceedings of the 38th ’Journées de
Statistiques’, Société francaise de Statistiques, 2006
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3 Simultaneous modeling of viral load-CD4+

dynamics
Modeling of viral load
• Bi-exponential model under assumption of constant CD4+

- Unsatisfactory long-term assumption
• Large number of censored viral load data after 3 months

- Difficulty to compare efficacy of treatments

Joint modeling of virus-CD4 dynamics
• Use of differential equations
• Improve the long-term prediction
• Better understanding of

- Infection dynamics
- Action of treatments

Difficulties
• Stiff differential equations
• Failure of FOCE (nlme) and Gaussian quadrature
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Data and methods

Cophar 2-ANRS 111 trial
• 32 HIV-infected patients initiating anti-retroviral treatment

with lopinavir protease inhibitor
• Measurements during 1 year

- Viral load (LOQ = 50 cp/mL)
- CD4+

Methods
• Differential system describing virus-CD4+ dynamics
• Analysis of viral load-CD4+ dynamics by combining the 2

extensions of the SAEM algorithm
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Differential system
Perelson et al., 1996; Di Mascio et al., 2004
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at varying degrees in lymphoid tissue despite
the fact that the individual might appear to
be clinically well. Although the clinical course
varied widely among individuals, the inex-
orably progressive nature of disease in most
individuals became clear.

An important advance in HIV research has
been the development of highly sensitive
techniques for the precise quantification of
small amounts of nucleic acids35. The meas-
urement of serum or plasma levels of HIV
RNA is now an essential component of the
monitoring of individuals with HIV infec-
tion and, together with CD4+ T cell counts,
guides therapeutic decisions36. Assays such as
RT-PCR and the bDNA technique for
directly detecting HIV RNA have helped to
clarify the direct relationship between
amounts of virus and rates of disease pro-
gression, rates of viral turnover, the relation-
ship between immune system activation and
viral replication, and responsiveness to ther-
apy6.

The ability to measure plasma viremia pre-
cisely led to the classic viral dynamics studies
of Ho and Shaw in 1995, which characterized
the enormous turnover of virus in HIV dis-
ease and the delicate balance bet-
ween virus production and T cell dynam-
ics37,38. These studies led to a cascade of
insights into HIV pathogenesis, among them
an appreciation of the direct relationship
between virus replication and disease pro-
gression and the association of a given viral
set point in an untreated individual with the
prognosis for disease progression39. The lat-
ter observation has been essential in the

design of therapeutic strategies and has
guided clinicians in decisions regarding the
initiation and modification of therapeutic
regimens36.

The finding of latent reservoirs of HIV,
particularly in the resting subset of CD4+ T
cells, has had a sobering effect on hopes of
eradicating HIV in individuals whose viral
load is rendered ‘undetectable’ by antiretrovi-
ral therapy40. Indeed, simple but defining
studies have shown that even in individuals
in whom plasma
viremia is driven by
antiretroviral ther-
apy to levels of less
than 50 copies of
RNA per ml (‘unde-
tectable’) for up to 3
years, the viral reser-
voir persists and the
virus rebounds from
this reservoir within
weeks of discontinu-
ing therapy41.

Studies of the
immune response to
HIV have been both
productive and frus-
trating. Clearly, indi-
viduals in whom
HIV infection has
been established ca-
nnot eliminate the
virus from their
bodies40,41. Despite
this consistent ob-
servation, individu-

als infected with HIV also show several ele-
ments of HIV-specific immunity. Neutral-
izing antibodies, potent HIV-specific CD8+

cytotoxic T cell responses and HIV-specific
CD4+ T cells are present in many individuals
infected with HIV at various stages of dis-
ease6. Unfortunately, CD8+ cytotoxic T cells
select for escape mutants, and the most effec-
tive neutralizing antibodies are directed at
cryptic epitopes against which it is difficult to
induce antibodies. Although CD4+ T cells
capable of undergoing lymphocyte blast
transformation to HIV antigens are more
likely to be seen in individuals in the early
stages of disease, the induction of such
responses has minimal, if any, effect on dis-
ease progression6.

Thus, the initial hope that the identifica-
tion of HIV-specific elements of the immune
system in HIV-infected individuals would
lead to better therapies and vaccines has been
replaced by the realization that we have yet to
identify a clear correlate of protective immu-
nity against HIV infection42. Understanding
the correlates of immune protection and
their potential role in vaccine development
remains one of the greatest challenges in HIV
and AIDS research.

Therapy for HIV infection
Second to the identification of HIV as the
causative agent for AIDS, the most impress-
ive scientific advances have occurred in the
development of effective antiretroviral drugs
for treating individuals infected with HIV.
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Figure 2  The replication cycle of HIV and targets for antiretroviral therapy.

Table 1  Antiretroviral drugs licensed by the US FDA

Drug Approval date

Retrovir (zidovudine, AZT) March 1987

Videx (didanosine, ddl) October 1991

Hivid (zalcitabine, ddC) June 1992

Zerit (stavudine, d4T) June 1994

Epivir (lamivudine, 3TC) November 1995

Invirase (saquinavir-HGC) December 1995

Norvir (ritonavir) March 1996

Crixivan (indinavir) March 1996

Viramune (nevirapine) June 1996

Viracept (nelfinavir) March 1997

Rescriptor (delavirdine) April 1997

Combivir (AZT and 3TC) September 1997

Fortovase (saquinavir-SGC) November 1997

Sustiva (efavirenz) September 1998

Ziagen (abacavir) December 1998

Agenerase (amprenavir) April 1999

Kaletra (lopinavir and ritonavir) September 2000

Trizivir (AZT + 3TC + abacavir) November 2000

Viread (tenofovir) October 2001
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dTQ

dt
= λ + rTNI − αTQ − µTQTQ

dTNI

dt
= αTQ − γ(1− ηRTI )TNIVI − rTNI − µTNITNI

dTI

dt
= γ(1− ηRTI )TNIVI − µTITI

dVI

dt
= (1− ηPI )πTI − µV VI

dVNI

dt
= ηPI πTI − µV VNI
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Conclusion
• First joint modeling of viral load/CD4+ dynamics
• Estimation of all parameters with SAEM
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Conclusion

• Extension of the SAEM algorithm
- Left-censored data
- Ordinary and stochastic differential equations
- Inter-occasion variability (Panhard and Samson’s poster:

III-15)
⇒ Extension of convergence results

• Application to HIV viral dynamics modeling
- Trianon: bi-exponential model and treatment comparison
- Cophar-2: dynamics parameter estimation
⇒ Good numerical properties of SAEM, even with complex

models

• Monolix software
• Available on web site

(www.math.u-psud.fr/∼lavielle/monolix/)
• Lavielle et al. software demonstration
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